We present a comprehensive analysis of quantum fluctuation effects in the superfluid ground state of an attractively interacting Fermi system, employing the attractive Hubbard model as a prototype. The superfluid order parameter, and fluctuations thereof, are implemented by a bosonic Hubbard-Stratonovich field, which splits into two components corresponding to longitudinal and transverse (Goldstone) fluctuations. Physical properties of the system are computed from a set of approximate flow equations obtained by truncating the exact functional renormalization group flow of the coupled fermion-boson action. The equations capture the influence of fluctuations on non-universal quantities such as the fermionic gap, as well as the universal infrared asymptotics present in every fermionic superfluid. We solve the flow equations numerically in two dimensions and compute the asymptotic behavior analytically in two and three dimensions. The fermionic gap ∆ is reduced significantly compared to the mean-field gap, and the bosonic order parameter α, which is equivalent to ∆ in mean-field theory, is suppressed to values below ∆ by fluctuations. The fermion-boson vertex is only slightly renormalized. In the infrared regime, transverse order parameter fluctuations associated with the Goldstone mode lead to a strong renormalization of longitudinal fluctuations: the longitudinal mass and the bosonic selfinteraction vanish linearly as a function of the scale in two dimensions, and logarithmically in three dimensions, in agreement with the exact behavior of an interacting Bose gas.
I. INTRODUCTION
Interacting Fermi systems exhibit very diverse behavior on different energy scales. Composite objects and collective phenomena emerge at scales far below the bare energy scales of the microscopic degrees of freedom. This diversity of scales is a major obstacle to a numerical solution of microscopic models, since the most interesting phenomena appear only at low temperatures and in systems with very large size. It is also hard to deal with by conventional many-body methods, if one tries to treat all scales at once and within the same approximation, such as a partial resummation of Feynman diagrams.
Therefore, it seems natural to integrate degrees of freedom (bosonic and/or fermionic fields) with different energy scales successively, descending step by step from the highest scale present in the microscopic system. This generates a one-parameter family of effective actions which interpolates smoothly between the bare action of the system, as given by the microscopic Hamiltonian, and the final effective action from which all physical properties can be extracted. The vertex functions corresponding to the effective action at scale Λ obey an exact hierarchy of differential flow equations, frequently referred to as "exact" or "functional" renormalization group (fRG). 1 This hierarchy of flow equations is a transparent source of truncation schemes for a given physical problem. 2 Most interacting Fermi systems undergo a phase transition associated with spontaneous symmetry breaking at low temperature. In a renormalization group flow, the instability of the normal state is signalled by a divergence of the effective two-particle interaction at a finite scale Λ c , that is, before all degrees of freedom have been integrated out. To continue the flow below the scale Λ c , the order parameter corresponding to the broken symmetry has to be implemented. This can be accomplished in a purely fermionic theory or, alternatively, by introducing a bosonic order parameter field via a HubbardStratonovich transformation.
In a fermionic description the order parameter can be implemented by adding an infinitesimal external symmetry breaking field to the bare Hamiltonian, which is then promoted to a finite order parameter below the scale Λ c . 3 To capture first order transitions, one has to implement the order parameter via a finite counterterm, which is added to the bare Hamiltonian and then subtracted again in the course of the flow. 4 A relatively simple one-loop truncation 5 of the exact fermionic flow equation hierarchy yields an exact solution of mean-field models. 3, 4, 6 The same truncation with momentum-dependent vertices provides a promising approximation to treat spontaneous symmetry breaking also beyond mean-field theory. Recently it has been shown that this approximation yields quite accurate results for the fermionic gap in the ground state of the two-dimensional attractive Hubbard model for weak and moderate interactions. 7 If the order parameter is implemented via a HubbardStratonovich field, one has to deal with a coupled theory of bosons and fermions. The evolution of the effective action of this theory is again given by an exact hierarchy of flow equations for the vertex functions. 8, 9, 10 A truncation of this hierarchy has been applied a few years ago to the antiferromagnetic state of the two-dimensional repulsive Hubbard model. 8 Important features of the quantum antiferromagnet at low temperatures were captured by the flow. More recently, various aspects of superfluidity in attractively interacting Fermi systems have been studied in the fRG framework with a HubbardStratonovich field for the superfluid order parameter. Approximate flow equations were discussed for the superfluid ground state, 11 for the Kosterlitz-Thouless transition in twodimensional superfluids 12 and for the BCS-BEC crossover in 2 three-dimensional cold atomic Fermi gases. 13 In this work we analyze the fRG flow of the attractive Hubbard model, using the Hubbard-Stratonovich route to symmetry breaking. The attractive Hubbard model is a prototype of a Fermi system with a superfluid low temperature phase. 14 In particular, it is a popular model for the crossover from BCS-type superfluidity at weak coupling to Bose-Einstein condensation of strongly bound pairs at strong coupling. 15, 16 An experimental realization of the attractive Hubbard model is conceivable by trapping cold fermionic atoms in an optical lattice and tuning the interaction close to a Feshbach resonance. 17, 18, 19 We focus on the superfluid ground state. The importance of quantum fluctuations in the superfluid ground state has been emphasized recently in the context of the BCS-BEC crossover. 20 Although the long-range order is not destroyed by fluctuations in dimensions d > 1, the order parameter correlations are nevertheless non-trivial in d ≤ 3. The Goldstone mode leads to severe infrared divergences in perturbation theory. A detailed analysis of the infrared behavior of fermionic superfluids has appeared earlier in the mathematical literature, 21 where the perturbative renormalizability of the singularities associated with the Goldstone mode was established rigorously. To a large extent divergences of Feynman diagrams cancel due to Ward identities, while the remaining singularities require a renormalization group treatment. Since the fermions are gapped at low energy scales, the infrared behavior of the collective, bosonic sector in fermionic superfluids is equivalent to the one of an interacting Bose gas, where the Goldstone mode of the condensed state strongly affects the longitudinal correlations, leading to drastic deviations from mean-field theory in dimensions d ≤ 3.
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The purpose of our work is to construct a relatively simple truncation of the exact fRG flow which is able to describe the correct infrared asymptotic behavior, and which yields reasonable estimates for the order parameter at least for weak and moderate interaction strength. From a numerical solution of the flow equations, which we perform in two dimensions, we obtain information on the importance of Goldstone modes and other fluctuation effects.
In Sec. II we introduce the bare fermion-boson action obtained from the attractive Hubbard model by a HubbardStratonovich transformation. Neglecting bosonic fluctuations, one recovers the standard mean-field theory for fermionic superfluids, as recapitulated in Sec. III. By truncating the exact fRG hierarchy, we derive approximate flow equations involving fermionic and bosonic fluctuations in Sec. IV. At the end of that section we reconsider mean-field theory from a flow equation perspective. Sec. V is dedicated to a discussion of results obtained by solving the flow equations. We discuss the asymptotic behavior in the infrared limit in two and three dimensions and then present numerical results for the flow in two dimensions, where fluctuation effects are most pronounced. Finally, we summarize our results in Sec. VI.
II. BARE ACTION
As a prototype model for the formation of a superfluid ground state in an interacting Fermi system we consider the attractive Hubbard model
where c † iσ and c iσ are creation and annihilation operators for spin-1 2 fermions with spin orientation σ on a lattice site i. For the hopping matrix we employ t ij = −t if i and j are nearest neighbors on the lattice, and t ij = 0 otherwise. On a ddimensional simple cubic lattice, this leads to a dispersion relation
For the attractive Hubbard model the coupling constant U is negative.
The attractive Hubbard model has a superfluid ground state for any particle density n in d ≥ 2 dimensions, 14 provided the lattice is not completely filled (n = 2) or empty (n = 0). At half filling (n = 1) the usual U(1) global gauge symmetry becomes a subgroup of a larger SO(3) symmetry group, and the order parameter for superfluidity mixes with charge density order. 14 Our analysis is based on a functional integral representation of the effective action, that is, the generating functional of one-particle irreducible correlation functions. For the Hubbard model, the starting point is a functional integral over fermionic fields ψ andψ with the bare action
where ξ k = ǫ k − µ is the single-particle energy relative to the chemical potential. The variables k = (k 0 , k) and q = (q 0 , q) collect Matsubara energies and momenta. We use the short-
for momentum and energy integrals, and kσ includes also a spin sum. We consider only ground state properties, such that the energy variables are continuous.
The attractive interaction drives spin-singlet pairing with s-wave symmetry and a spontaneous breaking of the global U(1) gauge symmetry. Therefore, we decouple the Hubbard interaction in the s-wave spin-singlet pairing channel by introducing a complex bosonic Hubbard-Stratonovich field φ q conjugate to the bilinear composite of fermionic fields
This yields a functional integral over ψ,ψ and φ with the new bare action
where φ * is the complex conjugate of φ, while ψ andψ are algebraically independent Grassmann variables.
Our aim is to compute fermionic and bosonic correlation functions with a focus on a correct description of the lowenergy (infrared) behavior. A central object in our analysis is the effective action Γ[ψ,ψ, φ], which can be obtained by functional integration of the bare action in the presence of source fields and a subsequent Legendre transform with respect to these fields. 25 Functional derivatives of Γ[ψ,ψ, φ] with respect to ψ,ψ, φ (and φ * ) yield the one-particle irreducible vertex functions.
III. MEAN-FIELD THEORY
As a warm-up for the renormalization group treatment it is instructive to recapitulate the mean-field theory for the superfluid phase in the functional integral formalism. 24 In meanfield approximation bosonic fluctuations are neglected, that is, the bosonic field φ is fixed instead of being integrated over all possible configurations. The fermion fields can then be integrated exactly. The (fixed) bosonic field is determined by minimizing the effective action as a functional of φ. For a homogeneous system, the minimizing φ q can be be non-zero only for q = 0. We denote the minimum by α.
A necessary condition for a minimum of the effective action is that its first derivative with respect to φ (or φ * ), that is, the bosonic 1-point function Γ 
where . . . denotes expectation values. The first term on the right hand side corresponds to the contribution − 
which relates α to a fermionic expectation value. We now turn to the fermionic 2-point functions. The normal fermionic propagator G f σ (k) = − ψ kσψkσ and the anomalous propagators F f (k) = − ψ k↑ ψ −k↓ andF f (k) = − ψ −k↓ψk↑ can be conveniently collected in a Nambu matrix propagator
The anomalous propagators satisfy the relationsF
In (our) case of spin rotation invariance the normal propagator does not depend on σ, and
In mean-field theory, the fermionic 2-point vertex function Γ 
The off-diagonal elements are due to the terms in the second line of Eq. (5). Tadpole contributions which are generated from the terms in the lines 3-5 of Eq. (5) cancel exactly by virtue of the condition Γ f . Inverting Γ (2) f and using ξ −k = ξ k from reflection symmetry yields
where
1/2 and ∆ = α. We observe that in mean-field theory the bosonic order parameter α is equivalent to the gap ∆ in the fermionic excitation spectrum. Eq. (6) corresponds to the BCS gap equation
We finally compute the bosonic 2-point functions in meanfield theory. The bosonic propagators
Note that
, where the bare propagator corresponding to the bare action Γ 0 is given by
In mean-field theory, only fermionic bubble diagrams contribute to the bosonic self-energy:
In the absence of bosonic fluctuations, there are no other contributions to Σ b . Tadpole diagrams cancel due to Γ
(1)
Inverting the matrix G b0 − Σ b one obtains the bosonic propagator in meanfield approximation
Using the explicit expressions (10) and (11) for G f and F f , respectively, one can see that
which vanishes if ∆ is non-zero and satisfies the gap equation. By appropriately tailoring the fRG-trunction in Sec. IV B 2 to the results of this mean-field calculation in the superfluid phase, we incorporate the effects of transversal (Goldstone) fluctuations as well as longitudinal (radial) fluctuations into our computation.
IV. FLOW EQUATIONS
In this section we derive approximate flow equations by truncating the exact flow equation 26 for the effective action.
A. Exact flow equation
To simplify our notation, we use fermionic Nambu fields (20) and bosonic Nambu fields
The fermionic and bosonic matrix propagators are then given by G f (k) = − Ψ kΨk and G b (q) = − Φ qΦq , respectively. To write down the exact flow equations it is convenient to combine fermionic and bosonic fields in a superfield S, where fermions and bosons are distinguished by a statistics index
The flow equation describes the evolution of the effective action as a function of a flow parameter Λ, usually related to a cutoff. In this work we use sharp frequency cutoffs which exclude bosonic fields with |frequency| < Λ b and fermionic fields with |frequency| < Λ f from the functional integral. Thereby both fermionic and bosonic infrared divergences are regularized. Both cutoffs are monotonic functions of the flow parameter, Λ b (Λ) and Λ f (Λ), which vanish for Λ → 0 and tend to infinity for Λ → ∞. The cutoff can be implemented by adding the regulator term
to the bare action, where
for s = b, f , and χ
Integrating e −Γ 0 −R Λ in the presence of source fields coupling linearly to S andS yields the cutoff-dependent generating functional for connected Green functions
where the bracket (., .) is a shorthand notation for the inner product for superfields. The cutoff-dependent effective action Γ Λ is defined as
where LG Λ is the Legendre transform of G Λ . As a function of decreasing cutoff, Γ Λ interpolates smoothly between the bare action Γ 0 for Λ = ∞ and the full effective action Γ recovered in the limit Λ → 0.
The evolution of the effective action follows the exact flow equation
whereṘ Λ = ∂ Λ R Λ , and
The supertrace Str traces over all indices with a plus sign for bosons and a minus sign for fermions. Note that the definitions of Γ Λ vary slightly in the literature. In particular, Γ Λ is frequently defined as the Legendre transform of G Λ without subtracting the regulator term R Λ , which leads to a simple additional term in the flow equation.
To expand the functional flow equation (26) in powers of the fields, we write the Hessian of Γ Λ as 
The socalled single-scale propagator G ′ R Λ has support only for frequencies at the cutoffs, that is, for |k 0 | = Λ s . Expanding both sides of Eq. (29) in powers of the fields and comparing coefficients yields a hierarchy of flow equations for the vertex functions.
To describe spontaneous symmetry breaking we expand around a generally non-zero value of the q = 0 component of the bosonic field, that is, we expand
* , where α Λ may be non-zero. The expansion point α Λ will be chosen such that the bosonic 1-point function Γ vanishes for all Λ. In this way tadpole contributions are avoided. The Λ-dependence of the expansion point α Λ leads to terms proportional toα Λ = ∂ Λ α Λ stemming from the total Λ-derivative on the left hand side of the flow equation.
In the following we will frequently suppress the superscript Λ attached to cutoff-dependent quantities.
B. Truncation
The exact effective action contains an infinite number of terms of arbitrary order in fermionic and/or bosonic fields. We now describe which terms are kept and how they are parametrized. We keep all terms which are crucial for a qualitatively correct description of the low-energy behavior of the system. We distinguish the symmetric regime, where α = 0, from the symmetry broken regime, where α 0. The former applies to large Λ, the latter to small Λ.
Symmetric regime
The bare action Eq. (4) contains quadratic terms for fermions and bosons, and an interaction term where bosons couple linearly to a fermion bilinear. In the effective action we keep these terms with generalized cutoff-dependent parameters and add a bosonic self-interaction of order |φ| 4 . The latter is generated by the flow and becomes crucial when the quadratic part of the bosonic potential changes sign. Other interactions generated by the flow are neglected.
Diagrammatic constituents of our truncation in the symmetric regime as described in Sec. IV B 1.
For our choice of parameters (relatively small U), the fermionic propagator receives only Fermi liquid renormalizations, leading to a slightly reduced quasi particle weight and a weakly renormalized dispersion relation. We neglect these quantitatively small effects and leave the quadratic fermionic term in the action unrenormalized, that is,
corresponding to an unrenormalized fermionic propagator
In the bare action the term quadratic in bosons contains only a mass term. In the effective action this mass decreases with decreasing cutoff until it vanishes at a critical scale Λ c , which marks the transition to the symmetry-broken regime. As the mass decreases, the momentum and frequency dependence of the bosonic 2-point function becomes important. The latter is generated in particular by fermionic fluctuations. For small q, the leading q-dependence is of order |q| 2 . The leading frequency-dependent contribution to the real part of the bosonic 2-point function is of order q 2 0 . The frequencydependence of the imaginary part is generally of order q 0 , but the prefactor is very small, which is related to the fact that it vanishes completely in case of particle-hole symmetry. Furthermore this small imaginary part does not have any qualitative impact on the quantities we compute in the following. We therefore neglect this term and make the ansatz
, and A b are cutoff-dependent numbers. The function ω 2 q has been chosen such that the quadratic momentum dependence for small q is continued to a periodic function defined on the entire Brillouin zone. The initial conditions for the parameters in the bosonic 2-point function,
can be read off from the bare action as m
The interaction between fermions and bosons remains regular and finite near Λ c . It can therefore be parametrized as
where the coupling constant g depends on the cutoff, but not on momentum and frequency. The initial condition for g is g = 1.
The flow generates a bosonic self-interaction which plays a crucial role near and in the symmetry-broken regime, that is, when the bosonic mass term becomes small and finally changes sign. The most relevant term is a local |φ| 4 -interaction
where the coupling constant λ depends on the cutoff but not on momentum and frequency. The initial condition for λ is λ = 0. The propagators and interaction vertices are represented diagrammatically in Fig. 1 .
Symmetry broken regime
For Λ < Λ c the effective action develops a minimum at φ q=0 = α 0. Due to the U(1) symmetry associated with charge conservation the minimum is degenerate with respect to the phase of α. In the following we choose α real and positive. We decompose the fluctuations of the bosonic field around α in a longitudinal (real) and a transverse (imaginary) part, σ and π, respectively:
where π −q = π * q and σ −q = σ * q . The bosonic part of the effective action consists of a local potential and momentum and frequency dependent contributions to the 2-point functions. A U(1)-symmetric local potential of order |φ| 4 with a minimum in α has the form
where φ is the original (unshifted) bosonic field. Substituting φ → α + σ + iπ and expanding in σ and π yields a mass term for the σ-field and various interaction terms (see below).
No mass term for the π-field appears, as expected, since the π-field is a Goldstone mode. 27 The leading momentum and frequency dependence of the bosonic 2-point function is quadratic in q and q 0 , both for the σ-and π-component. Hence we make the following ansatz for the quadratic bosonic contributions to the effective action
and
where m σ , Z σ , A σ , Z π , and A π are cutoff dependent real numbers. The propagators for the σ and π fields thus have the form
respectively. The longitudinal mass is determined by the |φ| 4 coupling λ and the minimum α as
The small imaginary contribution to Γ φ * φ generated by fermionic fluctuations in the absence of particle-hole symmetry, mentioned already above, gives rise to an off-diagonal quadratic term Γ σπ with a contribution linear in q 0 . Since this term would complicate the subsequent analysis without having any significant effect, we will neglect it. The bosonic interaction terms obtained by expanding
with γ σ 4 = γ π 4 = λ/8, γ σ 2 π 2 = λ/4, and γ σ 3 = γ σπ 2 = λα/2. Let us now discuss terms involving fermions in the case of symmetry breaking. In addition to the normal quadratic fermionic term Γψ ψ defined as before, see Eq. (31), the anomalous term
is generated in the symmetry-broken regime, where |∆| is a cutoff-dependent energy gap. The phase of ∆ is inherited from the phase of α while its modulus is generally different, due to fluctuations. Since we have chosen α real and positive, ∆ is real and positive, too. The normal and anomalous fermionic propagators G f and F f corresponding to Γψ ψ and Γ ψψ have the standard mean-field form as in Eqs. (10) and (11), with
Diagrammatic constituents of our truncation in the symmetry-broken regime as specified in Sec. IV B 2.
In addition to the interaction between fermions and bosons of the form Eq. (35) , an anomalous term of the form
is generated in the symmetry-broken regime. Inserting the decomposition of φ in longitudinal and transverse fields into the normal and anomalous interaction terms, we obtain
where g σ = g +g and g π = g −g. Fermions couple with different strength to the σ-and π-field, respectively. A diagrammatic represention of the various progagators and interaction vertices in the symmetry-broken regime is shown in Fig. 2 . We finally note that in a previously reported attempt 11 to truncate the fRG flow in a fermionic superfluid the gap ∆ was not taken into account in the fermionic propagator, and no distinction between longitudinal and transverse fields was made for the bosonic Z-factors in the symmetrybroken regime.
C. Approximate flow equations
Inserting the above ansatz for the truncated effective action into the exact flow equation and comparing coefficients yields a set of coupled flow equations for the cutoff dependent parameters. The various contributions can be conveniently represented by Feynman diagrams. The prefactors and signs in the flow equations could be extracted from the expansion of the exact flow equation, Eq. (29) . However, in practice we determine them by comparison to a conventional perturbation expansion.
All contributions to our flow equations correspond to oneloop diagrams with only one momentum and frequency integration, as dictated by the structure of the exact flow equation in the form (29) . One of the propagators in the loop is a bosonic or fermionic component of the single-scale propagator G ′ R , the others (if any) are components of G R . For a sharp frequency cutoff the frequency variable running around the loop is pinned by
Hence the frequency integral can be performed analytically. The problem that the integrand contains also step functions χ Λ s (k 0 ) = Θ(|k 0 | − Λ s ) can be treated by using the identity
, which is valid for any smooth function f .
More specifically, in the present case the one-loop diagrams are evaluated for vanishing external frequencies, such that all internal propagators carry the same frequency. In loops involving only either only bosonic or only fermionic propagators, one can use the identity For loop integrals involving the frequency sum over ±Λ s and the momentum integral over the Brillouin zone we use the short-hand notation
where 
Symmetric regime
Here we choose Λ b = Λ f = Λ. One is in principle free to choose the fermionic and bosonic cutoff independently. We have checked that the concrete choice of Λ b and Λ f in the symmetric regime does not change the final results for Λ → 0 much. The Feynman diagrams contributing to the flow in the symmetric regime are shown in Fig. 3 .
The flow of the bosonic mass is given by the bosonic selfenergy at vanishing external momentum and frequency, that is,
The fermionic contribution to ∂ Λ m 
Similarly, the flow of A b is obtained from a second momentum derivative of the bosonic self-energy:
Since the bosonic self-energy is isotropic in q to leading (quadratic) order in q, the results do not depend much on the direction in which the momentum derivative is taken. The bosonic tadpole diagram in Fig. 3 contributes only to m b , not to Z b and A b , since it yields a momentum and frequency independent contribution to the self- energy. Finally, the flow of the |φ| 4 coupling is given by
(58) Within the truncation of the effective action described in Sec. IV.B there is no contribution to the flow of the interaction between fermions and bosons in the symmetric phase. The coupling g remains therefore invariant.
Symmetry broken regime
In the limit Λ → 0 we are forced to choose Λ f ≪ Λ b to avoid an artificial strong coupling problem, as will become clear below. We therefore choose Λ f < Λ b in the entire symmetry broken regime, which implies that the frequencies in mixed loops with bosonic and fermionic propagators are pinned at the bosonic cutoff. The precise choice of the cutoffs will be specified later.
We first derive the flow equation for the minimum of the bosonic potential α, which is derived from the condition that the bosonic 1-point vertex Γ 
(59) The various contributions are represented diagrammatically in Fig. 4 . The first term is due to the cutoff-dependence of the expansion point around which the effective action is expanded in powers of the fields. The condition ∂ Λ Γ
(1) σ = 0 yields component of the fermionic self-energy as
(61) The first term, due to the cutoff-dependence of the expansion point for the effective action, links the flow of the fermionic gap to the flow of the bosonic order parameter. The second term captures a correction to the relation between α and ∆ due to bosonic fluctuations as illustrated in Fig. 4 .
The flow of the mass of the longitudinal order parameter fluctuations (cf. Fig. 5) is obtained from the self-energy of the σ fields at zero momentum and frequency as
The second term in this equation is due to a product of the 3-point vertex γ σ 3 and ∂ Λ α arising from the cutoff dependence of the expansion point for the effective action. The flow of λ can be computed from the flow of m 
The flow of A σ is given by the same equation with ∂ In the flow of Z π there are strong cancellations of different terms originating from bosonic fluctuations. These cancellations are related to Ward idenities which guarantee that Z π remains finite such that the Goldstone mode is not renormalized substantially. 23 Hence, we keep only the fermionic fluctuations, that is, In the symmetry broken regime, there are also contributions to the flow of the interaction between fermions and bosons due to vertex corrections with bosonic fluctuations (see Fig. 7) , yielding
The right hand sides are dominated by the contribution from the π propagator, which tends to reduce g σ , g π for decreasing Λ.
D. Relation to mean-field theory
Before solving the flow equations derived above, we first analyze what happens when contributions due to bosonic fluc-
tuations are neglected, and relate the reduced set of equations to the usual mean-field theory (Sec. III).
In the absence of bosonic fluctuations, g = g σ = g π = 1. Furthermore, the bosonic order parameter α and the fermionic gap ∆ are identical: α = ∆. Since the bosonic cutoff is irrelevant here, we can choose Λ f = Λ.
The flow equation for the bosonic mass in the symmetric regime, Eq. (55), simplifies to
m b vanishes at a critical scale Λ c > 0. The flow equation for ∆ (= α) in the symmetry broken regime Λ < Λ c , Eq. (61), is reduced to
It is complemented by the flow equation for the mass of the σ field, Eq. (62), which becomes
in the absence of bosonic fluctuations, with γ σ 3 = λ∆/2 = m 2 σ /(2∆). The propagators G f and F f have the usual BCS form, as in Eqs. (10) and (11) .
A numerical solution of the coupled flow equations (69) and (70) yields a gap ∆ which is a bit smaller than the BCS result obtained from the gap equation (12) . The reason for this discrepancy is the relatively simple quartic ansatz (38) for the bosonic potential. The complete bosonic potential is nonpolynomial in |φ| 2 even in mean-field theory. Restricted to the zero momentum and frequency component of φ it has the form 24
The kernel of the 3-point vertex γ σ 3 obtained from an expansion of this mean-field potential around a finite order parameter ∆ reads
at zero frequencies and momenta. Inserting this into (70), the flow of m 2 σ can be written as a total derivative
where the Λ-derivative on the right hand side acts also on ∆, generating the term proportional to γ σ 3 . Integrating this equation with the initial condition m σ = 0 at Λ = Λ c , yields
which is the correct mean-field result. With m σ given by (74), the flow equation (69) yields the correct mean-field gap. The easiest way to see this, is to write the BCS gap equation in the presence of a cutoff in the form 1 = −U |k 0 |>Λ k ∆ −1 F f (k), and take a derivative with respect to Λ.
It is instructive to relate the above flow equations for ∆ and m σ to the flow equations for the BCS mean-field model obtained in a purely fermionic RG. 3 For a sharp frequency cutoff, those flow equations have the form
where V is a normal two-fermion interaction in the Cooper channel, while W is an anomalous interaction corresponding to annihilation (or creation) of four particles. With the identification 2/m is obtained from a one-loop truncation complemented by additional self-energy insertions drawn from higher order diagrams with tadpoles. 3, 5 These additional terms correspond to the contractions with γ σ 3 in the present bosonized RG.
V. RESULTS

A. Flow for Λ Λ c
For Λ slightly below Λ c , the flow equations can be expanded in the order parameter. To leading order, the order parameter α and the gap ∆ are identical, α = ∆ . The fluctuation term in the flow equation (61) for ∆ is quadratic in α, and also the flow of g σ yields only corrections beyond linear order to the relation between α and ∆.
Near Λ c , the flow equation (60) for α can be written as
This shows that the flow of α and m 2 σ is indeed consistent with the relation m 2 σ = λα 2 following from the ansatz for the bosonic potential.
B. Infrared asymptotics
In the infrared limit (Λ → 0) the key properties of the flow can be extracted from the flow equations analytically. The behavior of the bosonic sector depends strongly on the dimensionality of the system. We consider dimensions d ≥ 2, focusing in particular on the two-and three-dimensional case.
The bosonic order parameter and the fermionic gap saturate at finite values in the limit Λ → 0. The fluctuation corrections to ∂ Λ α and ∂ Λ ∆ involve the singular Goldstone propagator G π only linearly and are therefore integrable in d > 1. The fermion-boson interactions g σ and g π also saturate. The finiteness of Z π and A π is guaranteed by Ward identities. 23 In our truncation Z π and A π remain finite since only fermionic fluctuations contribute to the Goldstone propagator. We choose 
The above integral over G
small Λ, such that the rescaled variableλ = λ/Λ obeys the flow equation
which has a stable fixed point atλ * = 4π 2 A π Z π . Hence, the bosonic self-interaction vanishes as
in two dimensions. Consequently, also the radial mass m 
in the limit s → 0. Although derived from an approximate truncation of the functional flow equation, this result is exact even in two dimensions, where the renormalization of m 2 σ is very strong. This is due to the fact that the scaling dimension of m 2 σ is fully determined by the scaling dimension of the Goldstone propagator and the existence of a fixed point forλ, but does not depend on the position of the fixed point. 23 The flow of Z σ is given by
for small Λ. The integral over the second derivative of G π G π is of order Λ d−6 . In two dimensions the coupling λ vanishes
, which is larger than in two dimensions. Integrating over Λ one finds Z σ ∝ (Λ log Λ) −2 , which means that Z σ q 2 0 vanishes as (log Λ) −2 in the infrared limit. This yields a subleading logarithmic correction to the mass term m 2 σ in the denominator of G σ . An analogous analysis with the same results as just obtained for Z σ also holds for the momentum renormalization factor A σ . A strong renormalization of longitudinal correlation functions due to Goldstone fluctuations appears in various physical contexts. 30, 31 Recently, a singular effect of Goldstone fluctuations on the fermionic excitations in a superfluid was found in Gaussian approximation. 32 This singularity appears only after analytic continuation to real frequencies, and its fate beyond Gaussian approximation remains to be clarified.
Since m 2 σ and λ scale to zero in the infrared limit in d ≤ 3, all purely bosonic contributions to the effective action scale to zero. On the other hand, the fermion-boson coupling remains finite. One is thus running into a strong coupling problem, indicating a failure of our truncation, if fermionic fields are integrated too slowly, compared to the bosons. The problem manifests itself particularly strikingly in the flow equation for the order parameter, Eq. (60), in two dimensions. Since m σ in front of the integral. Since the fermions are gapped below Λ c , one could also integrate them completely (set Λ f to zero), and then compute the flow driven by Λ b only. The freedom to choose fermionic and bosonic cutoffs independently was exploited also in a recent fRG-based computation of the fermion-dimer scattering amplitude in vacuum.
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C. Numerical results in two dimensions
In this section, we present a numerical solution of our flow equations from Sec. IV C in two dimensions. Technically, we employ a fifth-order Runge-Kutta integration routine 28 to solve coupled, ordinary differential equations. At each increment of the Runge-Kutta routine, two-dimensional integrations over the whole Brillouin zone have to be executed. For this purpose, we employ an integrator for singular functions 28 with relative error of less then 1%. In particular, for Λ ≈ Λ c it is imperative to operate with sufficiently accurate routines as the integrands are large and small deviations result in a signif- We fix our energy units by setting the hopping amplitude t = 1. We choose a chemical potential µ = −1.44 corresponding to an average electron density of 1/2 (quarter-filled band). This choice represents the generic case of a convex Fermi surface remote from van Hove singularities. The only varying input parameter is the Hubbard U, which determines the initial value of the bosonic mass via m In Fig. 9 characteristic flows of the bosonic mass and the quartic coupling are shown in double-logarithmic plots for different choices of the Hubbard U. The sharp de-and increase of the bosonic mass marks the region around Λ c . For small Λ, the flow reaches the infrared asymptotic regime (see Sec. V B). The scale Λ IR at which this scaling sets in decreases for decreasing U. The numerically obtained scaling m 2 σ , λ ∝ Λ is consistent with the analytical result of Sec. V B.
In Fig. 10 (a) we compare the fermion gap with the bosonic order parameter (final values at Λ = 0) and the critical scale as A reduction of the gap compared to the mean-field value is generally present even in the weak coupling limit U → 0. In fermionic perturbation theory second order corrections reduce the prefactor of the BCS gap formula even for U → 0. 33 The reduction obtained here is slightly stronger than what is expected from a fermionic renormalization group calculation. larger than α. This difference will become larger upon increasing the interaction strength as one enters the regime of a Bose gas made of tightly bound fermions. Here, however, for relatively weak interactions, the impact of Goldstone fluctuations on both α and ∆ is very modest. By contrast, the impact of Goldstone fluctuations is known to be dramatic at finite temperatures (not treated here) in two dimensions, since they drive the order parameter to zero. 29 In Fig. 11 , we show flows of the Z-factors of the σ-and π-field, respectively. In the symmetric regime, the evolution is independent of U. At Λ c , the φ-field splits into the σ-and π-modes with Z σ diverging in the limit Λ → 0 as Z σ ∝ Λ −1 (cf. Sec. V B). The Z-factor of the Goldstone field saturates for Λ ≪ ∆. The flows for the A-factors (not shown) parametrizing the momentum dependence of the σ-and π-propagators exhibit very similar behavior.
Finally, in Fig. 12 we show flows of the fermion-boson vertices g σ and g π for Λ < Λ c . Their relative changes are only of the order of a few percent (note the scale of the vertical axis) with g σ being a bit larger than g π .
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VI. CONCLUSION
Truncating the exact fRG flow, we have derived approximate flow equations which capture the non-trivial order parameter fluctuations in the superfluid ground state of the attractive Hubbard model, which has been chosen as a prototype model for attractively interacting fermions. The superfluid order parameter is associated with a bosonic field which is introduced via a Hubbard-Stratonovich decoupling of the fermionic interaction. Below a critical scale Λ c , the bosonic effective potential assumes a mexican hat shape leading to spontaneous symmetry breaking and a Goldstone mode. The bosonic order parameter is linked to but not equivalent to a fermionic gap. The fermionic gap is significantly smaller than the mean-field gap, mostly due to fluctuations above the scale Λ c . Transverse order parameter fluctuations (Goldstone mode) below Λ c lead to a strong renormalization of radial fluctuations. The radial mass and the bosonic self-interaction vanish linearly as a function of the scale in two dimensions, and logarithmically in three dimensions, in agreement with the exact behavior of an interacting Bose gas. 23 On the other hand, the average order parameter, the fermionic gap, and the interaction between fermions and bosons are affected only very weakly by the Goldstone mode.
Supplementing the flow equations derived above by a shift of the chemical potential, to keep the density fixed, one may also try to deal with larger values of U. Eagles 35 and Leggett 36 have shown that already the BCS mean-field theory captures many features of the condensed Bose gas ground state made from strongly bound fermion pairs in the limit of strong attraction. Beyond mean-field theory, the difference between the fermionic gap and the order parameter α increases at larger U. It will also be interesting to extend the present analysis to T > 0, in particular in view of the possibility of a finite fermionic gap in the absence of long-range order in a Kosterlitz-Thouless phase at low finite temperatures.
